Quantum-classical correspondence of work distributions for initial
  states with quantum coherence by Pan, Rui et al.
Quantum-classical correspondence of work distributions for initial states with
quantum coherence
Rui Pan,1 Zhaoyu Fei,1 Tian Qiu,1 Jing-Ning Zhang,2 and H. T. Quan1, 3, ∗
1School of Physics, Peking University, Beijing 100871, People’s Republic of China
2Center for Quantum Information, Institute for Interdisciplinary Information Sciences,
Tsinghua University, Beijing 100084, People’s Republic of China
3Collaborative Innovation Center of Quantum Matter, Beijing 100871, People’s Republic of China
(Dated: April 12, 2019)
The standard definition of quantum fluctuating work is based on the two-projective energy mea-
surement, which however does not apply to systems with initial quantum coherence because the first
projective energy measurement destroys the initial coherence, and affects the subsequent evolution
of the system. To address this issue, several alternative definitions, such as those based on the full
counting statistics and the Margenau-Hill distribution, have been proposed recently. These defini-
tions seem ad hoc because justifications for them are still lacking. In the current study, by utilizing
the quantum Feynman-Kac formula and the phase space formulation of quantum mechanics, we
prove that the leading order of work distributions is equal to the classical work distribution. Thus
we prove the validity of the quantum-classical correspondence of work distributions for initial states
with quantum coherence, and provide some justification for those definitions of work. We use an
exactly solvable model of the linearly dragged harmonic oscillator to demonstrate our main results.
I. INTRODUCTION
Traditionally, thermodynamics describes the energy
conversions of macroscopic systems, in which thermody-
namic variables, such as work, heat, and entropy pro-
duction are quantities of ensemble average. Fluctuations
of these quantities are vanishingly small and are usually
ignored. However, at the microscopic scale, fluctuations
are too prominent to be ignored. In the past two decades,
stochastic thermodynamics emerges as a new field [1–7],
in which the classical fluctuating work is defined along in-
dividual trajectories in the phase space [3, 4, 8], leading
to the striking results of the fluctuation theorems [8–21].
Nevertheless, in the quantum regime, there is some am-
biguity in the definition of the stochastic trajectory and
the corresponding quantum work functional [22–24] due
to the existence of the uncertainty principle.
In quantum thermodynamics [22–46], a standard defi-
nition of quantum fluctuating work is given by the energy
difference between the initial and the final outcomes of
the two-projective energy measurement (TPM) [25–27].
Based on this definition, the fluctuation theorems, such
as the Jarzynski equality and the Crooks relation can
be obtained straightforwardly [1, 2, 25–27]. The TPM
approach provides an operational way to measure the
work in both isolated and open quantum systems, and
the fluctuation theorems in the quantum regime have
been tested experimentally using the TPM [47–49]. In
addition, it has been shown [50–56] that the definition of
quantum fluctuating work based on the TPM obeys the
quantum-classical correspondence principle, which pro-
vides some justification for this definition of quantum
fluctuating work.
∗ Corresponding author: htquan@pku.edu.cn
In spite of its success in the study of quantum thermo-
dynamics, the TPM approach has its limitations which
have been pointed out in recent studies [57–59]. For
states with quantum coherence, the first projective en-
ergy measurement destroys the coherence, and affects the
subsequent evolution of the system [22, 57–72]. Thus
the averaged work is no longer equal to the difference
of the internal energy (expectation value of the Hamil-
tonian) before and after the evolution. As a result, al-
ternative definitions of quantum fluctuating work have
been proposed for initial states with quantum coherence
[22, 60–65, 68, 73–75]. Examples include that based on
the full counting statistics (FCS) [61–64, 75], and that
based on the Margenau-Hill distribution (MH) [60, 74].
The two definitions are related to the weak measurement
that circumvents the invasive effect of the measurement
disturbance on the statistics of work, and they are exper-
imentally operational [60–64, 74–77]. When the initial
state has no quantum coherence, the two definitions are
equivalent to that based on the TPM [22, 57, 59]. When
the initial state has quantum coherence, the probabilities
of work distributions are not positive-definite. In other
words, they are quasi-probabilities [57, 59, 62, 65]. For
this reason, a no-go theorem for definitions of quantum
work is proposed [57–59, 72].
In the current study, we investigate the definitions of
quantum fluctuating work based on the FCS and the
MH from the perspective of quantum-classical correspon-
dence. Inspired by Refs. [50, 53] which studied the
quantum-classical correspondence of quantum work dis-
tribution based on the TPM, we apply the same method
of the phase space formulation of quantum mechanics
[53, 78–80], and find that even in the presence of quan-
tum coherence, both quantum work distributions con-
verge to their classical counterpart in the limit of ~→ 0,
where ~ is Planck’s constant. In addition, we show that
in comparison with the classical work, the two definitions
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2of quantum fluctuating work lead to different quantum
corrections [53, 78]. Our results thus provide some jus-
tification for the validity of the definitions of quantum
fluctuating work based on the FCS and the MH.
This paper is organized as follows. In Sec. II, we in-
vestigate the work characteristic functions based on the
FCS and the MH by utilizing the quantum Feynman-Kac
formula [53, 81, 82] and the phase space formulation of
quantum mechanics [53, 78–80], and give our main re-
sults. In Sec. III, we use an exactly solvable model of
the linearly dragged harmonic oscillator to demonstrate
our main results. In Sec. IV, we give some discussions
and conclude our paper.
II. QUANTUM-CLASSICAL
CORRESPONDENCE OF THE FEYNMAN-KAC
FORMULA
Our setup is an isolated quantum system with an initial
state described by a density matrix ρˆ(0). The system is
driven by an external agent from the initial time t = 0
to the final time t = τ . Accordingly, the Hamiltonian of
the system is time-dependent Hˆ(t) that evolves from the
initial time t = 0 to the final time t = τ . The unitary
evolution operator is
Uˆ(τ) =←−T exp
[
− i
~
∫ τ
0
dtHˆ(t)
]
, (1)
where←−T is the time-ordered operator. During the whole
driving process, external work W is exerted on the sys-
tem. In this paper, we study the characteristic function
of the work distribution P (W ):
Φ(η) :=
∫ +∞
−∞
dWP (W )eiηW . (2)
If the initial state ρˆ(0) does not have quantum coher-
ence, i.e., it is diagonal in the energy eigenbasis of Hˆ(0),
we can adopt the TPM approach to define the quantum
fluctuating work, and the characteristic function of work
can be expressed as [27]:
ΦTPM(η) = Tr
[
eiηHˆ(τ)Uˆ(τ)e−iηHˆ(0)ρˆ(0)Uˆ†(τ)
]
. (3)
If ρˆ(0) has quantum coherence, it does not commute with
the initial Hamiltonian Hˆ(0), i.e.,
[
ρˆ(0), Hˆ(0)
]
6= 0. In
Ref. [61], Solinas and Gasparinetti studied the quantum
fluctuating work using the FCS. They gave the following
definition of the characteristic function of work [61]:
ΦFCS(η) = Tr
[
eiηHˆ(τ)Uˆ(τ)e−i
η
2 Hˆ(0)ρˆ(0)e−i
η
2 Hˆ(0)Uˆ†(τ)
]
.
(4)
The FCS is not the only way to characterize non-invasive
measurements of work. In Ref. [60], Allahverdyan pro-
posed another definition of the quantum fluctuating work
based on the MH distribution for successive energy mea-
surements [60, 74, 76, 77]:
ΦMH(η) = Tr
[
eiηHˆ(τ)Uˆ(τ)
(
e−iηHˆ(0) ? ρˆ(0)
)
Uˆ†(τ)
]
,
(5)
where Aˆ ? Bˆ := 12
[
AˆBˆ + BˆAˆ
]
.
Comparing Eqs. (4) and (5) with Eq. (3), we can see
that ΦFCS(η) and ΦMH(η) are two types of symmetriza-
tion of ΦTPM(η). They are introduced to deal with the
situation when the initial state has quantum coherence
(the initial state ρˆ(0) does not commute with the initial
Hamiltonian Hˆ(0)). While the first and the second mo-
ments of work, 〈W 〉 and 〈W 2〉, are the same for ΦFCS(η)
and ΦMH(η), higher-order moments in general are differ-
ent [66]. It is worth mentioning that when the initial
state has no coherence, the three definitions of quantum
fluctuating work are equivalent.
A. Phase space formulation of quantum
Feynman-Kac formula
In this section, we investigate the time evolution of the
operators included in the trace of Eqs. (4) and (5). For
ΦFCS(η) [Eq. (4)], let us define an operator Kˆ(t) as
Kˆ(t) := eiηHˆ(t)Uˆ(t)e−i
η
2 Hˆ(0)ρˆ(0)e−i
η
2 Hˆ(0)Uˆ†(t). (6)
It is easy to prove that Kˆ(t) satisfies the quantum
Feynman-Kac formula introduced in Refs. [53, 82]:
∂tKˆ(t) = − i~
[
Hˆ(t), Kˆ(t)
]
+
[
∂teiηHˆ(t)
]
e−iηHˆ(t)Kˆ(t).
(7)
The initial condition is
Kˆ(0) = ei
η
2 Hˆ(0)ρˆ(0)e−i
η
2 Hˆ(0). (8)
We reformulate Eq. (7) in the phase space (Weyl-
Wigner) representation of quantum mechanics [53, 78–
80] as follows
∂tK(z, t) =
2
~
H(z, t) sin
(
~
2 Λ
)
K(z, t)
+Ω(z, t) exp
(
i~
2 Λ
)
K(z, t). (9)
This equation describes the time evolution of the function
K(z, t), which is the Weyl symbol of the operator Kˆ(t).
Here z = (x, p) represents a point in the phase space, and
x is the position and p is the momentum of the particle.
In Eq. (9), H(z, t) is the Weyl symbol of the Hamiltonian
Hˆ(t). In this paper, for simplicity, we study a system
described by the following Hamiltonian
Hˆ(t) = pˆ
2
2m + V (xˆ, t), (10)
3where m is the mass of the single particle, and V is the
potential. The symplectic operator Λ [79] is
Λ =←−∂x−→∂p −←−∂p−→∂x, (11)
and the arrows denote the directions the partial deriva-
tives act upon. In Eq. (9),
Ω(z, t) =
{
∂teiηHˆ(t)
}
w
exp
(
i~
2 Λ
){
e−iηHˆ(t)
}
w
, (12)
where {·}w denotes the Weyl symbol of the operator in-
cluded in the bracket, and exp
( i~
2 Λ
)
denotes the star
product [79]. Then according to Eq. (4), the character-
istic function of quantum work can be calculated as
Φ(η) =
∫ +∞
−∞
dzK(z, τ), (13)
where the integral over dz denotes the integral over the
whole phase space.
Having introduced the phase space formulation of
quantum Feynman-Kac formula, in the following, we
study the quantum work statistics and its relation to the
classical work statistics.
B. Quantum work statistics and its classical
counterpart
As pointed out by Wigner in 1932 [78], the phase space
representation has advantages in studying the quantum-
classical correspondence and calculating the quantum
corrections on thermodynamic variables in powers of
~. In this subsection, we calculate the work statistics
by solving Eq. (9). Let us recall that when studying
the Weyl symbol of the exponential of the Hamiltonian
e−iηHˆ(t), for example, the density matrix of the thermal
equilibrium state ρˆeq(0) ∝ e−βHˆ(0) (β is the inverse tem-
perature), Wigner found that it can be expanded as [78]{
e−iηHˆ(t)
}
w
= e−iηH(z,t)
[
1 + (i~)2f(iη, z, t) +O(~4)] ,
(14)
where
f(iη, z, t) = (iη)
2
8m
[
∂2xV −
iη
3 (∂xV )
2 − iη3mp
2∂2xV
]
.
(15)
Please note that on the r.h.s. of Eq. (14), there are no
terms proportional to odd orders of ~, and this feature
is important for our later analysis. By substituting Eqs.
(12) and (14) into Eq. (9) and expanding Eq. (9) in pow-
ers of ~, we obtain
∂tK =HΛK + iη∂tHK
+i~2
[
(iη)2(HΛ∂tH) + iη∂tHΛ
]
K +O(~2).(16)
By expanding K(z, t) in powers of ~:
K(z, t) = K(0)(z, t)+(i~)K(1)(z, t)+(i~)2K(2)(z, t)+· · · ,
(17)
and identifying terms of the same orders of ~ in Eq. (16),
we obtain
∂tK
(0) =HΛK(0) + iη∂tHK(0);
∂tK
(1) =HΛK(1) + iη∂tHK(1)
+12
[
(iη)2(HΛ∂tH) + iη∂tHΛ
]
K(0);
· · · (18)
The initial conditions [Eq. (8)] in the phase space repre-
sentation are (see Appendix A)
K(0)(z, 0) = P (0)(z, 0);
K(1)(z, 0) = iη2 H(z, 0)ΛP
(0)(z, 0);
· · · (19)
where P (0)(z, 0) denotes the zeroth-order term of the
Weyl symbol of the initial density matrix ρˆ(0), and it
will be defined later [see Eq. (21)]. We regard P (0)(z, 0)
as the classical counterpart of ρˆ(0):
PClassical(z, 0) := P (0)(z, 0). (20)
It can be checked [78] that for the quantum thermal equi-
librium state, P (0)(z, 0) is exactly the thermal equilib-
rium state of the classical Hamiltonian H(z, 0).
Please note that not all quantum states have the classi-
cal counterparts in general. For example, the Fock states
in quantum optics or the spin states in spin systems do
not have well-defined classical counterparts. However, for
systems described by Eq. (10), the thermal equilibrium
state [78] and those evolved from the thermal equilibrium
state have well-defined classical counterparts in the phase
space. For simplicity, we focus on those states evolved
from the thermal equilibrium state in the following dis-
cussions. The Wigner functions of these states have the
following form in powers of ~:
P (z, 0) = P (0)(z, 0) + (i~)2P (2)(z, 0) +O(~4). (21)
That is to say, their Wigner functions do not contain
terms proportional to odd orders of ~. The reason is
given below Eq. (34). These states may have quantum
coherence, and meanwhile they have well-defined classical
counterparts.
The equation of motion of K(0)(z, t) [Eq. (18)] is
the classical Liouville equation plus the additional term
iη∂tHK(0). By utilizing the classical Feynman-Kac for-
mula [81], we obtain the solution, which is the conditional
expectation of the classical work functional:
K(0)(z, τ) =
〈
eiηW [z(t)]δ (z − z(τ))
〉
P (0)(z,0)
, (22)
where
W [z(t)] =
∫ τ
0
∂tH [z(t), t] dt (23)
4is the classical work functional of the stochastic trajec-
tories [3, 4, 8], and the brackets in Eq. (22) denotes the
average over all classical trajectories in the phase space
starting from the initial distribution P (0)(z, 0). Since it
is an isolated system, the trajectories satisfy Newton’s
equation.
If the characteristic function of work can be expanded
as
Φ(η) = Φ(0)(η) + (i~)Φ(1)(η) + (i~)2Φ(2)(η) + · · · , (24)
then according to Eq. (13), the zeroth order of the char-
acteristic function of quantum work is
Φ(0)(η) =
〈
eiη
∫ τ
0
∂tH[z(t),t]dt
〉
P (0)(z,0)
, (25)
where the r.h.s. of Eq. (25) is exactly the classical work
characteristic function ΦClassical(η) with the initial dis-
tribution PClassical(z, 0), i.e.,
Φ(0)(η) = ΦClassical(η) ≡
〈
eiη
∫ τ
0
∂tH[z(t),t]dt
〉
PClassical(z,0)
.
(26)
By comparing the first two equations of Eq. (18), we
obtain
K(1) = iη2 HΛK
(0). (27)
Using the property of the symplectic operator [79], we
find that the first-order correction of Φ(η) vanishes:
Φ(1)(η) =
∫ +∞
−∞
dzK(1)(z, τ) ≡ 0. (28)
Similar to the results of Ref. [78] [Eq. (14)], the correc-
tions of Φ(η) proportional to odd orders of ~ vanish.
Up to now, we have discussed the characteristic func-
tion based on the FCS. For that based on the MH dis-
tribution, the definition of the operator Kˆ(t) is different.
According to Eq. (5),
Kˆ(t) := eiηHˆ(t)Uˆ(t)
(
e−iηHˆ(0) ? ρˆ(0)
)
Uˆ†(t). (29)
All the equations listed above [from Eq. (7) to Eq. (28)]
are equally applicable to the study of the characteristic
function based on the MH except that the initial condi-
tion Eq. (8) should be replaced by
Kˆ(0) = 12
[
ρˆ(0) + eiηHˆ(0)ρˆ(0)e−iηHˆ(0)
]
. (30)
Please note that the initial conditions of K(0)(z, t) and
K(1)(z, t) are still the same as Eq. (19) (see Appendix
A). Accordingly, the classical counterparts [zeroth order,
Eq. (25)] and the corrections proportional to ~ [Eq. (28)]
are the same for ΦFCS(η) and ΦMH(η). Nevertheless, due
to the difference between the initial conditions [Eq. (8)
and Eq. (30)], the corrections proportional to the second
and higher even orders of ~ are different. In the following
section, we will use an exactly solvable model to demon-
strate our main results.
III. A CASE STUDY: LINEARLY DRAGGED
HARMONIC OSCILLATOR
In the preceding section, we focus our attention on
the general cases whose Hamiltonian is in the form of
Eq. (10), and the initial quantum states are those evolved
from the thermal equilibrium state [Eq. (21)]. In this
section, as an illustration, we study a linearly dragged
harmonic oscillator. The Hamiltonian is
Hˆ(t) = pˆ
2
2m +
1
2mω
2 (xˆ− ut)2 , (31)
where ω is the trapping frequency of the harmonic po-
tential, and u is the speed of the shifting of the potential
center. At time t = −τ ′ (τ ′ > 0), the system is prepared
in the thermal equilibrium state ρˆ(−τ ′) = 1Zq e−βHˆ(−τ
′),
where Zq is the quantum partition function [83, 84]:
Zq =
1
2 sinh β~ω2
. (32)
The corresponding classical state is the equilibrium
state of the classical Hamiltonian [78] P (0)(z,−τ ′) =
1
Zc
e−βH(z,−τ ′), where Zc is the classical partition func-
tion:
Zc =
2pi
βω
. (33)
The Wigner function P (z, t) of the density matrix ρˆ(t)
satisfies the following equation of motion [78, 79]:
∂tP (z, t) = H(z, t)ΛP (z, t) +
(i~)2
24 ∂
3
xV ∂
3
pP (z, t) + · · · ,
(34)
where terms proportional to odd orders of ~ vanish on the
r.h.s. of Eq. (34) [78, 79]. Since P (z,−τ ′) does not con-
tain terms proportional to odd orders of ~ [see Eq. (14)],
from Eq. (34), we conclude that P (z, t) does not contain
terms proportional to odd orders of ~ [see Eq. (21)]. In
our model [Eq. (31)], ∂3xV = 0. Thus
∂tP (z, t) = H(z, t)ΛP (z, t), (35)
which is the classical Liouville equation.
The system evolves under the governing of Hˆ(t) from
t = −τ ′ to t = 0, and we regard the final state ρˆ(0) of the
first evolution as the initial state of the second evolution.
The final time of the second evolution is t = τ , and the
final state is ρˆ(τ). We care about the quantum work
distribution of the second evolution only (from t = 0 to
t = τ). Please note that as long as the first evolution
(from t = −τ ′ to t = 0) is not quantum adiabatic, the
initial state of the second evolution ρˆ(0) has quantum
coherence, i.e.,
[
ρˆ(0), Hˆ(0)
]
6= 0.
According to Eq. (34), the equation of motion of
P (0)(z, t) is the classical Liouville equation with the ini-
tial condition P (0)(z,−τ ′) = 1Zc e−βH(z,−τ
′). Hence, the
5evolution of P (0)(z, t) is purely classical under the gov-
erning of the classical HamiltonianH(z, t), i.e., the whole
quantum driving process has a perfect classical counter-
part which evolves from P (0)(z,−τ ′) to P (0)(z, 0) and
finally to P (0)(z, τ) under the governing of the classical
Hamiltonian H(z, t). Thus we can regard P (0)(z, t) as
the classical counterpart of ρˆ(t). The classical character-
istic function of work of the second evolution (from t = 0
to t = τ) ΦClassical(η) can be obtained from Ref. [85]:
ΦClassical(η) = exp
{
mu2
[
iη (cosωτ ′ − cosω(τ ′ + τ))− η
2
β
(1− cosωτ)
]}
, (36)
From Refs. [78–80], we know that
P (z,−τ ′) = 1
pi~ coth β~ω2
exp
{
− p
2
m~ω coth β~ω2
− [x+ uτ
′]2
~
mω coth
β~ω
2
}
. (37)
By solving the Liouville equation [Eq. (35)], we obtain [85]
P (z, 0) = 1
pi~ coth β~ω2
exp
{
− [p−mu (1− cosωτ
′)]2
m~ω coth β~ω2
−
[
x+ uω sinωτ ′
]2
~
mω coth
β~ω
2
}
. (38)
We would like to emphasize that the initial state of the second evolution [Eq. (38)] has quantum coherence. The
corresponding classical state is
P (0)(z, 0) = βω2pi exp
{
− β2m [p−mu (1− cosωτ
′)]2 − 12βmω
2
[
x+ u
ω
sinωτ ′
]2}
≡ PClassical(z, 0). (39)
Now that we have obtained the quantum-classical cor-
respondence of the initial state of the second evolution,
we will analytically calculate the zeroth orders of the
work characteristic functions ΦFCS(η) and ΦMH(η). Let
us consider ΦFCS(η) first. By separating Kˆ(t) [Eq. (6)]
into two parts:
Kˆ(t) = eiηHˆ(t)Mˆ(t), (40)
where
Mˆ(t) := Uˆ(t)e−i
η
2 Hˆ(0)ρˆ(0)e−i
η
2 Hˆ(0)Uˆ†(t), (41)
it is easy to prove that the equation of motion of Mˆ(t) is
the quantum Liouville-von Neumann equation:
∂tMˆ(t) = − i~
[
Hˆ(t), Mˆ(t)
]
, (42)
with the initial condition
Mˆ(0) = e−i
η
2 Hˆ(0)ρˆ(0)e−i
η
2 Hˆ(0). (43)
Similarly, we reformulate them in the phase space rep-
resentation. We define the Weyl symbol of Mˆ(t) as{
Mˆ(t)
}
w
:= M(z, t). Due to the peculiarity of the har-
monic oscillator, Eq. (42) corresponds to the classical Li-
ouville equation:
∂tM(z, t) = H(z, t)ΛM(z, t). (44)
Using Eqs. (14), (38), (39) and the conclusion of Ap-
pendix A, we find that M(z, 0) can be expanded in even
orders of ~:
M(z, 0) = e−iηH(z,0)P (0)(z, 0) + (i~)2M (2)(z, 0) + · · · .
(45)
6The characteristic function can be calculated as
Φ(η) =
∫ +∞
−∞
dz
{
eiηHˆ(τ)
}
w
M(z, τ). (46)
Thus the zeroth order is
Φ(0)(η) =
∫ +∞
−∞
dz eiηH(z,τ)M (0)(z, τ), (47)
and the first order vanishes because neither
{
eiηHˆ(τ)
}
w
nor M(z, τ) contains terms proportional to odd orders of
~:
Φ(1)(η) = 0. (48)
By solving the classical Liouville equation, we can
obtain M (0)(z, τ) that evolves from M (0)(z, 0) =
e−iηH(z,0)P (0)(z, 0). After some algebra (see Appendix
B), we obtain
Φ(0)(η) = exp
{
mu2
[
iη (cosωτ ′ − cosω(τ ′ + τ))− η
2
β
(1− cosωτ)
]}
, (49)
which is identical to the classical characteristic function
of the work ΦClassical(η) [Eq. (36)] with the initial state
PClassical(z, 0) [85]:
Φ(0)(η) = ΦClassical(η). (50)
Thus we have obtained the quantum-classical correspon-
dence of work distributions based on the FCS.
For the MH, according to Eq. (5), the operator Mˆ(t)
should be replaced by
Mˆ(t) := Uˆ(t)
(
e−iηHˆ(0) ? ρˆ(0)
)
Uˆ†(t), (51)
and the initial condition
Mˆ(0) = e−iηHˆ(0) ? ρˆ(0). (52)
Both Eqs. (42) and (44) also apply to ΦMH(η). We can
prove that M(z, 0) contains only terms proportional to
even orders of ~, and the zeroth order is the same as that
based on the FCS (see Appendix A). By using Eq. (46),
we find that
Φ(0)FCS(η) = Φ
(0)
MH(η) = ΦClassical(η), (53)
Φ(1)FCS(η) = Φ
(1)
MH(η) = 0. (54)
Since M (2)FCS(z, 0) 6= M (2)MH(z, 0), we obtain
Φ(2)FCS(η) 6= Φ(2)MH(η). (55)
The detailed calculations of Φ(2)FCS(η) and Φ
(2)
MH(η) are
shown in Appendix B. In Fig. 1, we plot the real and
the imaginary parts of ΦClassical(η), Φ(0)FCS(η), Φ
(0)
MH(η),
Φ(0)FCS(η) + (i~)2Φ
(2)
FCS(η), and Φ
(0)
MH(η) + (i~)2Φ
(2)
MH(η) of
the linearly dragged harmonic oscillator. It is easy to see
the quantum-classical correspondence and the differences
between ΦFCS(η) and ΦMH(η).
IV. DISCUSSION AND CONCLUSION
A. Generalized Jarzynski equalities for arbitrary
initial states with quantum coherence
Based on the FCS and the MH, one can define the
quantum fluctuating work for quantum systems with ini-
tial coherence. One of the applications of these defini-
tions of quantum fluctuating work is to study the Jarzyn-
ski equality for arbitrary initial states. In Ref. [14], the
Jarzynski equality [1, 2, 8] is extended to arbitrary initial
states in the classical regime. If the initial distribution
in the phase space is p(x, p, 0), then
〈
e−β(W−∆F )
〉
p(x,p,0)
=
∫∫
dxdp pR(x,−p, τ) p(x, p, 0)
peq(x, p, 0) ,
(56)
where peq(x, p, 0) is the equilibrium distribution at the
initial time t = 0, and pR(x,−p, τ) is the final distribu-
tion of the corresponding time-reversal process [1, 2, 9]
whose initial state is chosen to be the equilibrium state.
In the quantum regime for isolated quantum systems,
if the initial state ρˆ(0) does not have coherence, Eq. (56)
can be straightforwardly generalized to the quantum ver-
sion by adopting the TPM approach:〈
e−β(W−∆F )
〉
ρˆ(0)
=
∑
n
ρRnn(τ)
ρnn(0)
ρeqnn(0)
= Tr
[
ρˆ(0)ρˆR(τ) (ρˆeq(0))−1
]
, (57)
where ρˆeq(0) is the equilibrium density matrix at the ini-
tial time t = 0, and ρˆR(τ) is the final density matrix
of the corresponding time-reversal process whose initial
state is chosen to be the equilibrium density matrix. The
subscript nn depicts the n-th diagonal matrix element.
If the initial state ρˆ(0) has coherence, then according to
the work definition based on the FCS [Eq. (4)], we can
similarly generalize the Jarzynski equality to arbitrary
7FIG. 1. (Color online) Different orders of characteristic functions of work distributions based on the FCS and MH. (a) Real
part. (b) Imaginary part. Here β = u = m = ω = ~ = 1, τ ′ = 1, τ = 2. In each figure, there are three sets of points and
one curve. The black curve represents the classical characteristic function ΦClassical(η) [Eq. (36)]. The green circles represent
the zeroth order (Φ(0)FCS(η) and Φ
(0)
MH(η)) [Eq. (53)]. The blue squares represent the zeroth plus the second orders for the work
definition based on the FCS. The red triangles represent the zeroth plus the second orders for the work definition based on the
MH.
initial states with quantum coherence:〈
e−β(W−∆F )
〉
ρˆ(0)
=
∑
m,n
ρRmn(τ)
ρnm(0)√
ρeqmm(0)ρeqnn(0)
, (58)
where the subscript mn depicts the matrix element in
the m-th row and the n-th column. For the work defini-
tion based on the MH [Eq. (5)], the generalized Jarzynski
equality for arbitrary initial states with quantum coher-
ence is [60]〈
e−β(W−∆F )
〉
ρˆ(0)
= Re Tr
[
ρˆ(0)ρˆR(τ) (ρˆeq(0))−1
]
.
(59)
Thus by adopting work definitions based on the FCS and
the MH, we extend Jarzynski equality from equilibrium
initial states to arbitrary initial states with quantum co-
herence.
B. Effect of the first projective energy
measurement
Quantum coherence of the initial states is the main
concern of our current study. We may ask a question:
does the quantum-classical correspondence of work dis-
tributions still hold if we make a projective energy mea-
surement at the initial time? For initial states without
coherence, the answer is yes because the states remain
unchanged after the first projective measurement.
For the initial states with quantum coherence, in the
energy basis, the off-diagonal elements will be destroyed
by the measurement. Initially,
[
ρˆ(0), Hˆ(0)
]
6= 0. The
initial Wigner function of ρˆ(0) is P (z, 0). After the pro-
jective energy measurement, ρˆ(0) becomes ˆ˜ρ(0), and the
Wigner function becomes
P˜ (r, 0) = 12pi
∫ 2pi
0
dθ′P (r, θ′, 0), (60)
where P (r, θ, 0) and P˜ (r, θ, 0) are expressed in the polar
coordinate, corresponding to P (z, 0) and P˜ (z, 0) respec-
tively. The derivation of Eq. (60) is given in Appendix
C. As we can see, P˜ is the average of P over the angular
coordinate θ, thus P˜ is independent of θ. Since P (r, θ, 0)
[Eq. (38)] and P (0)(r, θ, 0) [Eq. (39)] are θ-dependent, we
obtain
P˜ (z, 0) 6= P (z, 0), (61)
P˜ (0)(z, 0) 6= P (0)(z, 0). (62)
The change of the initial state due to the first projective
energy measurement will influence the work statistics.
Thus after the first projective energy measurement, both
the initial state and the work statistics will change in all
orders of ~, including the zeroth order.
C. Wigner function and quasi-probability
In quantum mechanics, a point in the phase space is
not a proper way to describe the state of the system due
to the uncertainty principle. Nevertheless, in order to
compare with its classical counterpart, physicists intro-
duced a quasi-probability known as the Wigner function.
But this quasi-probability may be negative. The lead-
ing order of the Wigner function is equal to the classi-
cal distribution in the phase space [78], which provides
some justification for the concept of the Wigner function
as a quasi-probability. Similarly, in quantum thermody-
namics, when dealing with quantum systems with initial
8coherence, it is improper to define quantum fluctuating
work along individual stochastic trajectories in the phase
space. Nevertheless, physicists introduced the quantum
fluctuating work based on the FCS or the MH, but the
work distribution may be negative (quasi-probability).
We find that the leading order of the work distribution
is equal to the classical counterpart, which implies the
quantum-classical correspondence of work distributions,
and provides some justification for definitions of quantum
fluctuating work based on the FCS and the MH.
In summary, in recent years, definitions of quantum
fluctuating work based on the FCS and the MH have
been proposed for initial states with quantum coher-
ence, and have attracted a lot of attention. But these
definitions seem ad hoc. In this article, we study the
quantum-classical correspondence of work distributions
based on the two definitions. Firstly, for the general
cases, we prove that both definitions satisfy the quantum
Feynman-Kac formula [53, 81, 82]. Using the method
of the phase space formulation of quantum mechanics
[53, 78–80] and ~ expansion, we prove that the leading
order of both work distributions corresponds to its classi-
cal counterpart. Corrections proportional to odd orders
of ~ vanish, and corrections proportional to ~2 are differ-
ent. Then, as an exactly solvable example, we calculate
the leading order and the second order of work distribu-
tions of a linearly dragged harmonic oscillator. We use
this example to demonstrate the quantum-classical corre-
spondence of work distributions and the quantum correc-
tions. In addition, we discuss the generalized Jarzynski
equalities for arbitrary initial states with quantum co-
herence based on the FCS and the MH. Our work is an
extension of previous work for the definition based on
the TPM [50–56], and provides some justification for the
validity of the definitions of quantum fluctuating work
based on the FCS and the MH.
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Appendix A: Derivation of Eqs. (19) and (45)
Firstly, let us derive Eq. (19). From the initial condi-
tion of Kˆ(t) based on ΦFCS(η) [Eq. (8)], we obtain the
Weyl symbol of the operator Kˆ(0):
K(z, 0) =
[{
ei
η
2 Hˆ(0)
}
w
exp
(
i~
2 Λ
)
P (z, 0)
]
exp
(
i~
2 Λ
){
e−i
η
2 Hˆ(0)
}
w
. (A1)
We expand K(z, 0) in powers of ~, and we obtain the
zeroth order when we take the zeroth order of each term
in the Weyl symbol:
K(0)(z, 0) = ei
η
2H(z,0)P (0)(z, 0)e−i
η
2H(z,0)
= P (0)(z, 0). (A2)
Since the initial state P (z, 0) only contains terms pro-
portional to even orders of ~ [Eq. (21)], the first order of
K(z, 0) originating from the two star products exp
( i~
2 Λ
)
is
K(1)(z, 0) =
(
ei
η
2H(z,0)
1
2ΛP
(0)(z, 0)
)
e−i
η
2H(z,0)
+
(
ei
η
2H(z,0)P (0)(z, 0)
) 1
2Λe
−i η2H(z,0)
=iη2
1
2
[
H(z, 0)ΛP (0)(z, 0)− P (0)(z, 0)ΛH(z, 0)
]
=iη2 H(z, 0)ΛP
(0)(z, 0). (A3)
Equations (A2) and (A3) are Eq. (19).
For the initial condition of Kˆ(t) based on ΦMH(η)
[Eq. (30)], the Weyl symbol of the operator Kˆ(0) is
K(z, 0) = 12
[
P (z, 0) +
({
eiηHˆ(0)
}
w
exp
(
i~
2 Λ
)
P (z, 0)
)
exp
(
i~
2 Λ
){
e−iηHˆ(0)
}
w
]
. (A4)
9The zeroth order is
K(0)(z, 0) = 12
[
P (0)(z, 0) + eiηH(z,0)P (0)(z, 0)e−iηH(z,0)
]
= P (0)(z, 0). (A5)
Using the conclusion of Eq. (A3) , the first order is the
same as that based on the FCS:
K(1)(z, 0) = 12
[
0 + iηH(z, 0)ΛP (0)(z, 0)
]
= iη2 H(z, 0)ΛP
(0)(z, 0). (A6)
Equations (A5) and (A6) are also Eq. (19).
We would like to emphasize that K(2)(z, 0), K(3)(z, 0),
· · · based on ΦFCS(η) and ΦMH(η) are different [see
Eq. (55)].
Then let us derive Eq. (45). From the initial condition
of Mˆ(t) based on ΦFCS(η) [Eq. (43)], we obtain the Weyl
symbol of the operator Mˆ(0):
M(z, 0) =
[{
e−i
η
2 Hˆ(0)
}
w
exp
(
i~
2 Λ
)
P (z, 0)
]
exp
(
i~
2 Λ
){
e−i
η
2 Hˆ(0)
}
w
. (A7)
The zeroth order is
M (0)(z, 0) = e−iηH(z,0)P (0)(z, 0). (A8)
The first order originating from the two star products
exp
( i~
2 Λ
)
is
M (1)(z, 0) =
(
e−i
η
2H(z,0)
1
2ΛP
(0)(z, 0)
)
e−i
η
2H(z,0)
+
(
e−i
η
2H(z,0)P (0)(z, 0)
) 1
2Λe
−i η2H(z,0)
=− iη2 e
−iηH(z,0) ×
1
2
[
H(z, 0)ΛP (0)(z, 0) + P (0)(z, 0)ΛH(z, 0)
]
=0. (A9)
Thus the first order vanishes. Similarly, the terms in
M(z, 0) proportional to odd orders of ~ vanish.
For the initial condition of Mˆ(t) based on ΦMH(η)
[Eq. (52)], the Weyl symbol of the operator Mˆ(0) is
M(z, 0) = 12
[{
e−iηHˆ(0)
}
w
exp
(
i~
2 Λ
)
P (z, 0) + P (z, 0) exp
(
i~
2 Λ
){
e−iηHˆ(0)
}
w
]
=
{
e−iηHˆ(0)
}
w
cos
(
~
2 Λ
)
P (z, 0). (A10)
The zeroth order is the same as Eq. (A8). The terms pro-
portional to odd orders of ~ vanish because
{
e−iηHˆ(0)
}
w
,
cos
(~
2 Λ
)
, and P (z, 0) only contain terms proportional to
even orders of ~. Thus for both work definitions based
on the FCS and the MH,M(z, 0) can be expanded in the
form of Eq. (45).
We would like to emphasize thatM (2)(z, 0),M (4)(z, 0),
· · · based on ΦFCS(η) and ΦMH(η) are different [see
Eq. (55)].
Appendix B: Calculation of Φ(0)(η) and Φ(2)(η) for
the linearly dragged harmonic oscillator
From Eq. (44), we know that both M (0)(z, t) and
M (2)(z, t) satisfy the classical Liouville equation. That
is, the trajectory in the phase space satisfies Newton’s
equation. For the Hamiltonian of the linearly dragged
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harmonic oscillator [Eq. (31)], we obtainx(t) = x(0) cosωt+
p(0)
mω
sinωt+ ut− u
ω
sinωt,
p(t) = −x(0)mω sinωt+ p(0) cosωt+mu(1− cosωt).
(B1)
This is a mapping from (x(0), p(0)) to (x(t), p(t)), and
we denote it as
z(t) = ψt (z(0), 0) . (B2)
The inverse mapping is
z(0) = ψ−10 (z(t), t) . (B3)
More specifically,x(0) = x(t) cosωt−
p(t)
mω
sinωt− u
(
t cosωt− 1
ω
sinωt
)
,
p(0) = x(t)mω sinωt+ p(t) cosωt−mu(ωt sinωt+ cosωt− 1).
(B4)
Since in the isolated system, the Newton’s trajectory
starting from one phase space point is unique, the map-
ping [Eq. (B3)] is one-to-one. From Liouville’s theorem,
we obtain
M (0)(z, τ) = M (0)(ψ−10 (z, τ), 0). (B5)
By utilizing Eqs. (39), (45) and (47), we obtain
Φ(0)(η) =
∫ +∞
−∞
dz eiηH(z,τ)M (0)(z, τ)
=
∫ +∞
−∞
dz eiηH(z,τ)e−iηH(ψ
−1
0 (z,τ),0)P (0)(ψ−10 (z, τ), 0)
= exp
{
mu2
[
iη (cosωτ ′ − cosω(τ ′ + τ))− η
2
β
(1− cosωτ)
]}
. (B6)
The derivation from the second line to the last line is not
shown here since the integrals are all Gaussian. Equa-
tion (B6) is Eq. (49), which is identical to the classical
characteristic function of work ΦClassical(η) [Eq. (36)].
Similarly, for the second order, we also have
M (2)(z, τ) = M (2)(ψ−10 (z, τ), 0). (B7)
From Eq. (46), we obtain that both
{
eiηHˆ(τ)
}(2)
w
and
M (2)(z, τ) contribute to Φ(2)(η):
Φ(2)(η) =
∫ +∞
−∞
dz
[{
eiηHˆ(τ)
}(2)
w
M (0)(z, τ) + eiηH(z,τ)M (2)(z, τ)
]
=
∫ +∞
−∞
dz
[
eiηH(z,τ)f(−iη, z, τ)e−iηH(ψ−10 (z,τ),0)P (0)(ψ−10 (z, τ), 0) + eiηH(z,τ)M (2)(ψ−10 (z, τ), 0)
]
, (B8)
where we have used Eqs. (14) and (15). M (2)(z, 0) can
be calculated according to Eq. (A7) (FCS) and Eq. (A10)
(MH), respectively. The analytical form of Eq. (B8) is too
complicated to show here, and we numerically calculate
it as a function of η. The results are shown in Fig. 1.
Appendix C: Derivation of Eq. (60)
For convenience, we set m = ω = 1 in this section. As
we know, after the first projective measurement, only the
diagonal elements survive. The n-th diagonal element
pn = Tr [ρˆ(0) |n〉 〈n|]
=
∫∫
dxdp P (x, p, 0)Fn(x, p), (C1)
where Fn(x, p) is the Wigner function of the Fock state
|n〉 〈n| [86]:
Fn(x, p) = 2(−1)ne−2|α|2Ln(4 |α|2), (C2)
where
|α|2 = 12~
(
x2 + p2
)
, (C3)
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and Ln(x) is the Laguerre polynomials:
Ln(x) =
ex
n!
dn
dxn
(
e−xxn
)
. (C4)
After the projective measurement, the state becomes
ˆ˜ρ(0) =
∞∑
n=0
pn |n〉 〈n| . (C5)
Reformulating Eq. (C5) in the Weyl-Wigner representa-
tion, the Wigner function of ˆ˜ρ(0) can be written as
P˜ (x, p, 0) = 12pi~
∞∑
n=0
pnFn(x, p)
= 12pi~
∞∑
n=0
[∫∫
dx′dp′ P (x′, p′, 0)Fn(x′, p′)
]
Fn(x, p)
= 2
pi~
∫∫
dx′dp′ P (x′, p′, 0)e− 1~ (x
2+p2+x′2+p′2)
∞∑
n=0
Ln
(
2
~
(
x2 + p2
))
Ln
(
2
~
(
x′2 + p′2
))
. (C6)
Using the identity of the Laguerre polynomials [86]
∞∑
n=0
Ln(x)Ln(y) = e
x+y
2 δ(x− y), (C7)
and converting Eq. (C6) into the polar coordinate, we
obtain
P˜ (r, θ, 0) = 2
pi~
∫ ∞
0
r′dr′
∫ 2pi
0
dθ′P (r′, θ′, 0)δ
(
2
~
(
r2 − r′2))
= 12pi
∫ 2pi
0
dθ′P (r, θ′, 0). (C8)
This is Eq. (60) (the r.h.s. of Eq. (C8) is independent of
θ).
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